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Abstract: In this article we introduce and study the notions generalized difference lacunary strongly summable,
S
Cesaro strongly summable, - statistically convergent and -lacunary statistically convergent sequence of interval
i S i S i S i S
(a7) ai(a7) s'(a) | so(a)
) ’ and

numbers. Consequently we construct the sequence classes respectively

and investigate the relationship among these classes.
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1. Introduction

The concept of interval arithmetic was first suggested by
Dwyer [1] in 1951. After developed by Moore [10 ], that @<X<D is called an interval number. A real
Moore and Yang [13 ]. Furthermore several authors have
studied various aspects of the theory and applications of
interval numbers in differential equations [13 ], [14 ], [15 T
]. The sequence of interval numbers was first introduced is called closed interval and denoted by X. Thus
by Chiao [20] and defined usual convergence. Bounded
and convergence sequences spaces of interval numbers
were introduced by Sengonul and Eryilmaz [18] and
showed that these spaces are complete metric space.

A set consisting of closed interval of real numbers X such

interval can also be considered as a set. Denote the set of

all real valued closed intervals by a . Any member of 0

X = ‘a<x<
X {X eliasxs b} .In [20], an interval number is

closed subset of real line [/ .

X

Let ™M and X; be the first and last points of the interval

number X respectively. For X1 , X2 €J | we have
X1 = X2 X =X, Xy =X,

)_(1+X2={X€D DXy X, £x£x1,+x2r}

r.

ax={xel rax, ngaxir}ifazo.

={XED Lax, SXSaXh}if a<0

and

R - mi <x<
% Xo = {x el : mln(x11 Ko o Xy Xy o Xy Koy Xy Xy ) <x< max(xll Ko o Xy Ko o Xy Koy Xy Xy )} e set of

all interval numbers U is complete metric space under the metric defined by —

d ()_(’9) = max {‘Xj* B XZ' Hxlf B er ‘} (see [18]) .
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Let us consider the transformation f:0 -0 by

k— f(k)=x

X:(Xk) L
where which is known as

. v th
sequence of interval numbers. Xk denotes the K™ term

%)
of the sequence ( . The set of all sequences of

interval numbers is denoted by w' can be found in [18].

().

Where (AS )_(k)z (ASil)_(k _A&l)_(k_l)and AO)_(k =

representation:

s (s -
AS X =§(—1) (i }/ki Xk-i |

p kely

2. Definitions and Main Results

Throughout the article we denote by W' the set of all

(Xk) .

sequences of interval numbers.

By a lacunary sequence 9= (kp); p=1,2,3..., where ko =
0, we mean an increasing sequence of non-negative
integers with hp = (kp — kp-1) = °0 as p = eo. We denote /p
= (kp-1, ko] forp=1,2,3 ...

Let r and s be two non-negative integers and v = (v) be a
sequence of non-zero reals. Then for a lacunary sequence
¥ we define:

— — . i 1 P —
= "lim— ) d(A°Xk,Xo)=0,f
X=(Xx) eW lim > ( Xk XO) Or some Xo

’

Xk for all keN , Which is equivalent to the following binomial

In this expansion it is important to note that we take Vicsi = 0and Xk-i= 0 for non-positive values of k-i.

re () "
If X€ ¢ , then we says that X is A -lacunary strongly summable sequence of interval numbers.

x=(5) ¢ w S
A sequence k) € W' is said to be

—_ 1 S
\ xeol(®)
- Cesaro strongly summableif X € ~1 , Where

i I Sy, X
Gli (As)z{wa .I|m—2d(A xk,xO):O,forsomexO}

nN—oo n k=1

S

x=(%) e (&)
A sequence k) € W' is said to be A - statistically convergent if X € , Where

gi (As) {)? ew : Iimicard{k <n:d(AS Xk, Xo) > g} =0,forevery ¢ > Oandsomeio}

n

S

A sequence

S (4°)

%) & w x e S (&)
( k) € W' s said to be A -lacunary statistically convergent if X € ~¢ , where

Xew :Iimhicard{k el, 1d(A° Xk, Xo) 25} =0, forevery & > 0and some Xo
p

p

In this case we write 50 lim Xic = Xo

g X7 (Xk ) y= (yk ) .
Theorem 2.1: Let and be sequences of interval numbers, then-

i : VN i : S v Y
(1) If Sy —lIMA* X =Xo _ 4 @ € Rthen S0 —lIMA’aXc =aXo

@ 1f So —lMA X =Xo 4 Sy —lIMAY, =¥, o Sy —lIM(A° X + A%y, ) = X0 + Y,

Proof:
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(1) tet 2 €R wehave, d(A7@Xc,aXo) =|ad(A*xc, X))

Forany & >0,

1 s 1 s

—card{k e I, :d(A°ax, ax0) > &) <-—card{k e I, 1 d(A*Xc, X0) >

hp h | | Hence

- S - -
Sy —limA, jax. = aXo

i - Sy v i T s
(2) suppose So~IMA X =Xo 4 §,—liMA”y, =y,
We have,

d(A Xk + A%y, , X0+ Y,) < d(A° Xk, Xo) +d(A%Y,,Y,)

So, for any given € >0,

hicard{k el, Cd(ASX+ AT, Xo + Y,) > g}
p

IA
= e
0 o

Tl e 1, (A% R X0) + A (A%, V) 2 &)

IN

ard {k el 1d(A° Xk, Xo) 2%}

=y

p

1 ST ¢
+Ecard {ke I, :d(A yk,yo)ZE}

Thus, —lim(A® Xk + A® yk) = Xo + y0

- x_) s
Theorem 2.2. Let 6 be a lacunary sequence. Then if a sequence ( k) of interval numbers is A -lacunary strongly

S
summable then it is AN lacunary statistically convergent.

x=(x) S
Proof. Suppose Kis strongly A -lacunary strongly summable to Xo. Then

m—k;d(ka xo)za

Now the result follows from the following inequality:

Z0‘(As)_(k’)_(o)zgcard{k <n:d(A*X, Xo) 23}

kel,

— AS

- statistically convergent, then it is -

%)
Theorem 2.3. If a sequence ( % of interval numbers is
Cesaro strongly summable.

A® A®

-bounded and

X:(Xk)- A® A i (Xk)' A°
Proof. Suppose is -bounded and - statistically convergent to Xo . Since is -bounded, we can
find a interval number M such that

d(A° X, X0) SM e p

Cox=(%) oA
Again since is - statistically convergent to Xo, for every >0

Iim%card{k <n:d(A° Xk, Xo) 25} =0,
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Now the result follows from the following inequality:

1
1 Z d(AS)_(k,)_(o) HKkan:

n 1<k<n - d(Afvvr)Xk,Xo)Zg +

<

. X= (Xk ) A® A
Theorem 2.4. Let 6 be a lacunary sequence. Then if a sequence is~™ -bounded and

S
convergent, then it is AN lacunary strongly summable.

d (A Xk, Xo) 1

Mcard{k <n:d (A% Xk, Xo) > e}
n

> d(A% Xk, Xo)

d (A, 1y Xk Xo)<e

S
- lacunary statistically

Proof. Proof follows by similar arguments as applied to prove above Theorem.

Theorem 2.5. Let O be a lacunary sequence and

S
if and only if it is AN lacunary strongly summable.

Proof. Proof follows by combining the Theorems 2.1 and 2.3.

x=(x) A
Theorem 2.6. If a sequence is
statistically convergent.

Proof. Assume the given conditions. For a given £> 0, we have

{k el, :d(AS)_(k,)_(o)Zg} C{ksn:d(ASik,io)zg}

Hence the proof follows from the following inequality:

_P
- statistically convergent and liminf, P > 0 then it is

S

(Xk) A® A -~
be -bounded. Then X is - lacunary statistically convergent

h

S
-lacunary

icard{k < p:d(AS Xk, Xo) 25} lcard{k el 1d(A°Xc, Xo) 25}
p p

>

h
= p p
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